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A. Appendix to Section 2 

Masato Kurihara and Ivan Fesenko 



This appendix aims to provide more details on several notions introduced in section 2, 
as well as to discuss some basic facts on differentials and to provide a sketch of the 
proof of Bloch-Kato-Gabber's theorem. The work on it was completed after sudden 
death of Oleg Izhboldin, the author of section 2. 



Al. Definitions and properties of several basic notions 
(by M. Kurihara) 

Before we proceed to our main topics, we collect here the definitions and properties of 
several basic notions. 

Al.l. Differential modules. 

Let A and B be commutative rings such that B is an A-algebra. We define Q B / A 
to be the i?-module of regular differentials over A. By definition, this S-module 
Q l B / A is a unique i?-module which has the following property. For a S-module 
M we denote by Der A {B, M) the set of all ^4-derivations (an yl-homomorphism 
ip: B — > M is called an A-derivation if ip(xy) = x<p(y) + y<p(x) and <p(x) = for 
any x G A). Then, ip induces Ip: Q l B / A —> M {ip = Tp o d where d is the canonical 

derivation d: B — > Q l B / A ), and ip i— ► ip yields an isomorphism 

Der A (B,M) ^ Hom B (Q^ /A , M). 

In other words, Q B / A is the f?-module defined by the following 
generators: dx for any x € B 
and relations: 

d{xy) = xdy + ydx 
dx = for any x G A . 
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If A = Z, we simply denote Q B / Z by Q. l B . 

When we consider £l A for a local ring A, the following lemma is very useful. 
Lemma. If A is a local ring, we have a surjective homomorphism 

a® z a* — ► a l A 

db 

a <8 & ^ ad log b = a—. 

The kernel of this map is generated by elements of the form 

k i 
^2(di <g> a,i) - <8 h) 

i=i i=\ 

for cii, bi G A* such that ^ =1 a» = £' = i&j. 

Proof. First, we show the surjectivity It is enough to show that xdy is in the image of 
the above map for x, y G A. If y is in A*, xdy is the image of xy <g> y. If y is not 
in A* , y is in the maximal ideal of A, and 1 + y is in A* . Since xdy = xd(\ + y), 
xdy is the image of x{\ + y) <g) (1 + y). 

Let J be the subgroup of A ® A* generated by the elements 

k I 



](oi <g> ad - 8> h) 



i=i i=i 



for Oi, 6i G A* such that ^ =1 a, = £- =1 b;. Put M = L4 <g> z A*)/ J. Since it is clear 
that J is in the kernel of the map in the lemma, a® b ad log b induces a surjective 
homomorphism M — > £X^, whose injectivity we have to show. 

We regard ^4 <g> A* as an A -module via a(x <8 y) = ax (g> y. We will show that J 
is a sub A -module of A (8 A* . To see this, it is enough to show 



k I 



(xai (g) di) — ~^2(xbi <£>bi) G J 



i=l i=i 



for any i£A If x A* , x can be written as x = y + z for some y, z £ A* , so we 
may assume that x £ A* . Then, 

fc i 
^(xai ® - ^(xfei 8) bi) 
i=\ i=\ 

k I 

= ^(xai 8> xai — xai ® x) — ^(x6i <g> xbi — xbi 8> x) 

i=l i=l 
fc ! 
= ^(xa^ <8 xaj — ^(x&i <g> x6j) G J. 

i=l i=l 
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Thus, J is an A -module, and M = {A ® A*)/ J is also an ^-module. 

In order to show the bijectivity of M — » £l A , we construct the inverse map 
Q. l A — > M. By definition of the differential module (see the property after the defini- 
tion), it is enough to check that the map 

ip:A — >M x^->x®x (lfxeA*) 

x i-> (1 + x) ® (1 + x) (if x A*) 

is a Z-derivation. So, it is enough to check ip(xy) = xip(y) + y<p(x). We will show this 
in the case where both x and y are in the maximal ideal of A. The remaining cases 
are easier, and are left to the reader. By definition, xtp{y) + y(f(x) is the class of 

x{\ + y) ® (1 + y) + y{\ + x) ® (1 + x) 

= (1 + x){\ + y) ® (1 + y) - (1 + y) ® (1 + y) 

+ (1 + y)(l + x) ® (1 + x) — (1 + a;) ® (1 + x) 
= (1 + x)(l + y) ® (1 + x)(l + y) - (1 + a?) ® (1 + s) 

-(l + y)®(l+y). 

But the class of this element in M is the same as the class of (1 + xy) ® (1 + xy). Thus, 
(/? is a derivation. This completes the proof of the lemma. □ 



By this lemma, we can regard Q} A as a group defined by the following 
generators: symbols [a, b} for a G A and 6 € A* 
and relations: 

[ai + a 2 ,fr} = [ai,6} + [a 2 ,6} 
[a, bib 2 } = [a,bi} + [a 2 ,b 2 } 

k I k I 

^[aj, a^} = bi} where a^'s and fej's satisfy ^ Q » = ^ h- 

i=\ i=\ i=l 2=1 

A1.2. n-th differential forms. 

Let A and i? be commutative rings such that B is an A -algebra. For a positive 
integer n > 0, we define by 

^S/A ~ /\^b/a- 

B 

Then, d naturally defines an A-homomorphism d:£l^/ A — »■ ii^j^, and we have a 
complex 

pjn— 1 rin /-vn+1 

... > "B/A * ".B/A * ••• 

which we call the <i<? 7?/iam complex. 
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For a commutative ring A, which we regard as a Z-module, we simply write QI\ 
for Q" /z . For a local ring A, by Lemma Al.l, we have Q. n A = f\ n A ((A ® A*)/ J), 
where J is the group as in the proof of Lemma Al.l. Therefore we obtain 

Lemma. If A is a local ring, we have a surjective homomorphism 

A ® (A*)® 11 — > ^a/z 

a ® b\ ® ... ® o n t—y a- — A ... A - — . 

b\ b n 

The kernel of this map is generated by elements of the form 

k I 

y~](ai ® a,i ® b\ ® ... <8> b n -\) - y~](bj <8> h ® 6i ® ... ® 6 n _i) 
i=i i=i 

(where T% =1 Oi = T.\ =l bi) 
and 

a ® b\ ® ... ® 6 n w/f/i 6^ = 6j /or some i =/ j . 

A1.3. Galois cohomology of Z/p n (r) for a field of characteristic p > 0. 

Let F be a field of characteristic p > 0. We denote by F sep the separable closure 
of F in an algebraic closure of F. 

We consider Galois cohomology groups H q (F, — ) := if 9 (Gal(F sep / F), — ). For an 
integer r ^ 0, we define 

HHF,Z/p(r)) = i^- r (Gal(F se P/F),^ S e P>log ) 

where £2^p sep log is the logarithmic part of £2^ sep , namely the subgroup generated by 
dlogai A ... A dloga r for all a; e (F sep )*. 
We have an exact sequence (cf. [I, p.579]) 



where F is the map 



db] db r „db] db r 

F(a— l - A ... A — ^) = a p -± A ... A -A 
b\ b r b\ b r 



Since £2^ sep is an F -vector space, we have 

H n (F,Q. r Fsep ) = 
for any n > and r ^ 0. Hence, we also have 

/f n (F,^sep/(in^ep) = 

for n > 0. Taking the cohomology of the above exact sequence, we obtain 

H n (F, H^sep iog) = 
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for any n ^ 2. Further, we have an isomorphism 

H l (F,a r Fse , M ) = coker(Q^ — Gl r F /dGl r f l ) 

and 

H (F,Q F > ePjlog ) = ker(^ — Q^/dQ^ 1 ). 
Lemma. For afield F of characteristic p > awd n > 0, we have 
H n+l (F,Z/p(n)) = coker(Q. F Q^/dQ^T 1 ) 

and 

H n (F,Z/p(n)) = ker(Q. F £l F /d£l F ~ l ). 

Furthermore, H n (F,Z/p(n — 1)) w isomorphic to the group which has the following 
generators: symbols [a, bi, & n -l} wftere a € F, and b\,..., 6 n _i G F* 
and relations: 

[ai +a 2 ,6i,...,6 n _i} = [ai, 6i, 6 n _i} + [a 2 , &i, -, &n-i} 

[a,6i,....,6ib-, ...6„_i} = [a, &;,-&n-i} + [a, &i, -6 n -i} 

[a, a, 6 2 , •■•-,&n-l} = 

[aP - a,b l ,b 2 ,....,b n _i} = 

[a, 6i, 6 n _i} = where bi = bjfor some i j. 

Proof. The first half of the lemma follows from the computation of H n (F, £l r FSep log ) 
above and the definition of H q (F,Z/p(r)). Using 

H n (F,Z/p(n - 1)) = cokerC^" 1 QTf 1 / dQTf 2 ) 

and Lemma A 1.2 we obtain the explicit description of H n (F, Z/p(n — 1)). □ 

We sometimes use the notation H™{F) which is defined by 

H;(F) = H n (F,Z/p(n-\)). 

Moreover, for any i > 1, we can define Zjp % {r) by using the de Rham-Witt 
complexes instead of the de Rham complex. For a positive integer i > 0, following 
Illusie [I], define H q (F,Z/p i (r)) by 

H q (F, Z/pXr)) = H q ~ r (F, W^ scP)log ) 

where Wi£l r FSep log is the logarithmic part of WiQ. r F ^ p . 

Though we do not give here the proof, we have the following explicit description of 
H n (F, Z/p 1 (n — 1)) using the same method as in the case of i = 1. 
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Lemma. For a field F of characteristic p > let Wi(F) denote the ring of Witt 
vectors of length i, and let F: Wi(F) — > Wi(F) denote the Frobenius endomorphism. 
For any n > and i > 0, H n (F, Z/p l (n — 1)) is isomorphic to the group which has 
the following 

generators: symbols [a, b\, & n -l} where a G Wi(F), and b\,...,b n _\ G F* 
and relations: 

[a x + a 2 ,6i, ...,6„_i} = [a u 6i, 6 n _i} + [a 2 , &i, 6„_i} 

[a,6i, ....,bjbj, ...b n -\] = [a,h, ....,bj , ...b n _i} + [a,b u ....,bj, ...b n _i} 

[(0,..,0,a,0,..,0),a,6 2 ,...,6 n _!} = 

[F(a) - a,6i,62,....,6„_i} = 

[a, 6i, ....,6 n _i} = iv/zere 6j = bk for some j k. 

We sometimes use the notation 

H; i (F) = H n (F,Z/p i (n-l)). 



A2. Bloch-Kato-Gabber's theorem (by I. Fesenko) 

For a field k of characteristic p denote 

v n = !/ n (fc) = Z/p(n)) = ker(p: Q£ - fl£/dn£- 1 ), 

tt 1 1 / dby db n , ,dbi db n Jrin _i 

p = F - 1: [a-— A • • • A - — i-> (a p - a) -— A • • • A - — + dClt . 
V h b n > bi b n k 

Clearly, the image of the differential symbol 

„», r da] da„ 

d k :K n (k) p^&t, {ai, ...,a n }^ — A ••• A — 

ai a n 

is inside f n (k)- We shall sketch the proof of Bloch-Kato-Gabber's theorem which 
states that dk is an isomorphism between K n (k)/p and u n (k). 

A2.1. Surjectivity of the differential symbol dk- K n {k)/p — > f n (&) . 

It seems impossible to suggest a shorter proof than original Kato's proof in [K, §1]. 
We can argue by induction on n; the case of n = 1 is obvious, so assume n > 1. 

Definitions-Properties. 

(1) Let be a p-base of k ( I is an ordered set). Let S be the set of all strictly 

increasing maps 

s:{\, ...,n} — > I. 

For two maps s,i:{l, ...,n} — > 7 write s < t if ^ i(z) for all i and 
s(i) ^t(i) for some i. 
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(2) Denote dlog a := a da. Put 

u s = d\og 6 s( i) A • • • A d log b s{n) . 

Then {u s : s G S} is a basis of Q£ over A;. 

(3) For a map 0: 7 — > {0, 1, . . . ,p — 1} such that 6(i) = for almost all i set 

Then {beto s } is a basis of £2£ over k p . 

(4) Denote by ^£(0) the k p -vector space generated by bguj s ,s G S. Then £2£(0) R 
d£2J? _1 = 0. For an extension / of k, such that k D l p , denote by £2™^ fc the 
module of relative differentials. Let {bi} i€l be a p-base of / over k. Define 
Q^l k {9) for a map 6: 1 — »■ {0, 1, . . . ,p — 1} similarly to the previous definition. 
The cohomology group of the complex 

is zero if 6> ^ and is Qp /fc (0) if = 0. 

We shall use Cartier's theorem (which can be more or less easily proved by induction 
on \l : k\ ): the sequence 

o-r/fc* -^fl^-fl^/dj 

is exact, where the second map is defined as b mod k* — ► dlog 6 and the third map is 
the map ad log 6 i-» (a v — a)d log b + dl. 

Proposition. Le? £2£(<s) £>edre k-subspaceof Q% generated by all ui t for s > t G S. 
Let k p ~ l = k and let a be a non-zero element of k. Let I be finite. Suppose that 

(a p -a)uj s e a%«s) + dCl^' 1 . 

Then there are v G Q.^(<s) and 

Xi G k p ({bj : j ^ s(i)}) for 1 ^ i ^ n 

such that 

aco s - v + dlog x\ A ■ ■ ■ A dlog x n . 

Proof of the surjectivity of the differential symbol. First, suppose that k p ~ l = k and 
I is finite. Let S = {si, . . . , s m } with s\ > ■ ■ ■ > s m . Let so: {1, . • • , n} — > 7 
be a map such that so > si. Denote by A the subgroup of Q£ generated by 
dlog x\ A • • • A dlog x n . Then A C f n . By induction on ^ j ^ m using the 
proposition it is straightforward to show that v n C A + Q£(<Sj), and hence z/ n = A 

To treat the general case put c(k) = coker(/c n (fe) — ► u n (k)). Since every field is the 
direct limit of finitely generated fields and the functor c commutes with direct limits, it 
is sufficient to show that c(k) = for a finitely generated field k. In particular, we may 
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assume that k has a finite p-base. For a finite extension k! of k there is a commutative 
diagram 

k n (k') > u n (k') 



k> /k 



k r 



Tr 



k 1 /k 



(k) 

Tr 



-> V, 



k' Ik 



->• c 



(k) is multiplication by \k' : k\. Therefore, 



Hence the composite c(k) — > c(fc') 
if : fe| is prime to p then c(k) — »■ c(A/) is injective. 

Now pass from A; to a field / which is the compositum of all k where = 
h( p ~-{/li-\), Iq = k. Then / = l p ~ l . Since Ijk is separable, I has a finite p-base and 
by the first paragraph of this proof c(l) = 0. The degree of every finite subextension in 
Ijk is prime to p, and by the second paragraph of this proof we conclude c(k) = 0, as 
required. □ 



Proof of Proposition. First we prove the following lemma which will help us later for 
fields satisfying k p ~ l - k to choose a specific p-base of k. 

Lemma. Let I be a purely inseparable extension of k of degree p and let k p ~ l = k. 
Let f:l — > k be a k -linear map. Then there is a non-zero c G / such that f(c l ) = 
for all 1 ^ % ^ p — 1. 

Proof of Lemma. The /-space of /c -linear maps from / to k is one-dimensional, hence 
f - ag for some a G /, where g: / = A;(6) — ► £lj^ k /dl —> k, x <—> xdlog b mod d/ for 

every x G /. Let a = gdlog 6 generate the one-dimensional space Q^^/dl over k. 

Then there is h € k such that g p (ilog b — ha £ dl. Let z € be such that z p ~ l = h. 
Then ((g / z) p —gj z)d log b £ dl and by Cartier's theorem we deduce that there is w G / 
such that (g/z)dlog b = dlog Hence a = zdlog w and i2^ fc - dlU kdlog I. 

If /(l) = adlog 6^0, then /(l) = #<ilog c with g £k,c€l* and hence /(c*) = 
for all 1 ^ i ^ p - 1 . □ 



Now for s: {1, . . . , n} — ► 7 as in the statement of the Proposition denote 

k Q = k p ({bi : i <s(l)}), fci = feP({6< : i < s(l)}), fc 2 = : i < s(n)}). 

Let |/c2 : = p r . 

Let a = ^0 x^feg- Assume that a ^ &2- Then let 0, j be such that j > s(n) is the 
maximal index for which 9(j) ^ and xg ^ 0. 

a™(6»)-projection of (a p - o)uj s is equal to -x p b e u s G fl£«a)(0) + dQ^ _1 (6l). 
Log differentiating, we get 

-xg(5^fl(i)dlog 6,)6 e Aw s G d^« S )(0) 

i 
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which contradicts — x^9(j)bgdlog bj A lo s d£l k (<s)(6) . Thus, a G &2- 

Let m(l) < • • • < m(r — n) be integers such that the union of m's and s 's is 
equal to [s(l), s(n)] n Z. Apply the Lemma to the linear map 

/: k\ -> Sl r ki/k JdSl r k ~l ko ^k Q , bauj s A dlog 6 m(1) A ■ ■ ■ Ad log b m(r _ n) . 

Then there is a non-zero c £ k\ such that 

c ! aw s A dlog 6 m( i) A ■ ■ ■ Ad log 6 m(r _ n) G d£l r k ~j kQ for 1 ^ i ^ p - 1 . 

Hence ^5c 2 / fe (0) -projection of c l auj s A dlog 6 m (i) A ■ ■ ■ A dlog 6 m ( r _ n ) for 1 ^ i ^ 
p — 1 is zero. 

If c G fco then £2^ fco (0)-projection of au> s A dlog b m (\) A • • • A dlog 6 m ( r _ n ) is 
zero. Due to the definition of ko we get 

= (aP - o)uj s A dlog 6 m(1) A ■ ■ ■ Ad log 6 m(r _ n) G ^^Ao" 

Then ^^ fco (0) -projection of /3 is zero, and so is £^ 2 /fc (0) -projection of 

o p w s A dlog 6 m( i } A • • • Ad log 6 m(r _ n) , 

a contradiction. Thus, c ko. 

From dfeo C Y^ i<s (i)k p dbi we deduce d&o A c ^fc(< s )- Since &o(c) = 

ko(b s (i)), there are aj G ko such that 6 s (i) = X^S^ 1 a i c *- Then 

adlog 6 s (i) A - ■ ■ Ad log 6 s(n ) = a' dlog 6 S (2) • • • A dlog 6 S („) A dlog c mod Q^(<s). 

Define s': {1, . . . , n - 1} -► 7 by s'(j) = s(j + 1). Then 

aw s = t>i + a'uv A dlog c with t>i G £l k (<s) 

and c l a'uj s ' A dlog c A dlog 6 m (i) A • • • A dlog 6 m(r _ n ) G dQ. r k ~j k ^. The set 

/' = { c } u {&; : s(l) < i ^ s(n)} 

is a p-base of A^/fco- Since c*a' for 1 ^ i ^ p — 1 have zero /^(O) -projection with 
respect to I', there are a' G k , a[ G ©flyrjfci&g with b' 9 = Yl sW<i ^ n) b d i (l) such 
that a' - a' Q + a[ . 

The image of auj s A dlog 6 m (i) A • • • A dlog 6 m(r _ n ) with respect to the Artin- 
Schreier map belongs to Q kl / ko and so is 

(a' p - a')d log c A 6J S / A dlog 6 m(1) A • • • A dlog 6 m(r _ n) 

which is the image of 

a'd log c A ov A dlog 6 m(1) A • • • A dlog 6 m(r _ n ). 

Then a /P — ad, as /jq(0) -projection of a' p — a', is zero. So a' — a /P = a[. 
Note that dCa/joy) A dlog c G dQ. k/kQ (<s) = dD. k J kQ (<s) A dlog c. 
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Hence d{a\uj s >) G d£i%^ (<s) + d\og cAdQ.%^ . Therefore dCa'jUv) G d£l^^(<s) 
and a'jw s ' = a + (3 with a G Q%j£(<s), (3 G ker(d: Q^ 1 -> £2? 



Since A;(0)-projection of a'j is zero, Q^ fei (0) -projection of fl^av is zero. Then 
we deduce that /3(0) = Ex«efci,t<«' x ? w t' so = a + + C 9 ~ Then 

/3-/3(0) G kerCd:^"! -► fl» /fci ), so (3-/3(0) G dftj^. Hence (a'-a /P )uv = a^uv 



belongs to Q^ /fc 1 (<s / ) + d&l • B Y induction on n, there are v' G (<s'), 
Xi G /c p {6j : j ^ s(i)} such that a'uj s > = v' + (flog X2 A ■ ■ ■ A dlog x n . Thus, 
auj s = v\ ± dlog cA«'± dlog c A (flog X2 A ■ ■ ■ A dlog x n . □ 



A2.2. Injectivity of the differential symbol. 

We can assume that fe is a finitely generated field over F p . Then there is a finitely 
generated algebra over F p with a local ring being a discrete valuation ring such that 
0/M is isomorphic to k and the field of fractions E of is purely transcendental 
over F p . 

Using standard results on K n (l(t)) and Slf^ one can show that the injectivity of di 
implies the injectivity of di( t ). Since df p is injective, so is 

Define k n (0) = ker(k n (E) — > k n (k)). Then k n (Q) is generated by symbols and 
there is a homomorphism 

fcn(O) ->■ fcn(fe), {ai, . .. ,a n } -> {ai, . . . ,a^}, 

where a is the residue of a. Let fc n (0,M) be its kernel. 

Define v n (0) = ker(Hg -» flg/dQg -1 ), i/ n (0,M) = ker(i/ n (0) -» i/„(fc)). There 
is a homomorphism /c n (0) — > ^ n (0) such that 

{a\, . . . , a„} i— > (flog a\ A ■ ■ ■ A d\og a n . 

So there is a commutative diagram 

► k n (0,M) > k n (0) > Mfc) ► 







Vn(Q) 



u n (k) 



Similarly to A2.1 one can show that (p is surjective [BK, Prop. 2.4]. Thus, dk is 
injective. □ 
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